Abstract. We describe an algorithm for constructing Carmichael numbers N with a large number of prime factors p 1 , p 2 , . . . , p k . This algorithm starts with a given number Λ = lcm(p 1 − 1, p 2 − 1, . . . , p k − 1), representing the value of the Carmichael function λ(N ). We found Carmichael numbers with up to 1101518 factors.
Introduction
A commonly used method to decide whether a given number N is composite is the following easily practicable test: Take some number a with gcd(a, N ) = 1 and compute b ← a N −1 mod N . If b = 1, our N is composite. Unfortunately, if we get b = 1 we cannot be sure that N is prime, even though this is true in many cases. A composite number N which yields b = 1 is called a pseudoprime to the base a. If some N yields b = 1 for all bases a with gcd(a, N ) = 1, this N is called an absolute pseudoprime or a Carmichael number . These numbers were first described by Robert D. Carmichael in 1910 [3] . The term Carmichael number was introduced by Beeger [2] in 1950. The smallest number of this kind is N = 3 · 11 · 17 = 561.
Studying the properties of absolute pseudoprimes, Carmichael defined a function λ(N ) as follows: Carmichael [3] showed that N is an absolute pseudoprime if and only if
(1) N ≡ 1 (mod λ(N)).
He also showed that absolute pseudoprimes are a product of k distinct odd primes p k , k ≥ 3. Later we will use the following properties of Carmichael numbers: (This is a special case of Chernick's Theorem 4, [5] .) (c) There are no natural numbers n, q such that q and nq + 1 are both prime factors of a Carmichael number N (see Yorinaga [25] ). In his first paper on this subject [3] , published in 1910, Carmichael presented four absolute pseudoprimes including the well-known example 3 · 11 · 17. The others are 5 · 13 · 17, 7 · 13 · 31, and 7 · 31 · 73. Two years later, he mentioned 11 more absolute pseudoprimes with three factors, and he also found one with four factors, which is 13 · 37 · 73 · 457 [4] . A larger quantity of absolute pseudoprimes was first determined by Poulet [18] in 1938.
Chernick [5] made some essential contributions to the theory of Carmichael numbers. In 1939, he introduced the universal form U k (m) = (6m + 1)(12m + 1)
which generates Carmichael numbers if all its factors are prime. Also, he constructed Carmichael numbers with up to seven factors. Carmichael numbers with a large number of prime factors were investigated in particular by Yorinaga. In 1978 he gave many examples with up to 15 factors [25] , and two years later in [26] he published a long table of Carmichael numbers with a number of factors in the range from 13 up to 18, culminating in
Recently a new interest in large Carmichael numbers has arisen. By systematic search, Pinch [16] found
which is the smallest Carmichael number with 20 factors. Zhang found a Carmichael number with 1305 factors [27] . Guillaume and Morain found several Carmichael numbers, the largest one built from 5104 factors [9] . Furthermore, Pinch tabulated all Carmichael numbers up to 10 16 [17]. In [16] , a survey of other efforts to count Carmichael numbers is given.
Simultaneously to the work of Yorinaga, other authors tried to construct Carmichael numbers with many decimal digits using only a few large prime factors. In 1979, Hill found a Carmichael number with three factors and 77 digits [11] . In 1980, Wagstaff published a Carmichael number with 101 digits of type U 6 (m) and another one with 321 digits of type U 3 (m) [23] . To the latter, Woods and Huenemann successfully added one more prime factor obtaining a new Carmichael number with four factors and 432 digits [24] . In 1989, Dubner [6] published a 1057-digit number of type U 3 (m) found in 1985. Furthermore, he described an improved method for constructing large Carmichael numbers with three prime factors. Using this method he found a 3071-digit number in 1988.
As we have seen, the construction of large Carmichael numbers is often based on the universal form U k (m) introduced by Chernick. The numbers so constructed have only a few but large prime factors. The difficulty in using this form to produce Carmichael numbers with a large number k of prime factors is the fact that k mutually dependent numbers (6m + 1), (12m + 1), (9 · 2 1 m + 1), . . . , (9 · 2 k−2 m + 1) must be prime simultaneously. This problem also occurs in some similar situations, see [19] for primes in arithmetic progressions, [14] for prime chains, and [22, Chapter 3] for prime constellations. In no case could more than 22 of such interrelated primes be determined. Inspecting the approaches suggested in all these situations, we found the use of universal forms to be of no avail in constructing Carmichael numbers with substantially more prime factors. Therefore we initiated the development of a new method.
The general algorithm
In order to construct a Carmichael number N , we start with a given value Λ and assume Λ = λ(N ). We then generate all possible prime factors of N according to the properties (a) and (c). This approach is similar to that proposed by Erdős in [7] . Let S denote the set of all these possible factors, and let κ be the number of elements of S. We compute the product modulo Λ of all primes in S and call it s. If s equals 1, the product of all primes in S will constitute a Carmichael number because of (1), but usually s takes some other value. In this case we try to find a small subset T of primes in S whose product modulo Λ also equals s. If we discard this subset from S, the remaining primes will constitute a Carmichael number with k = κ − #T factors. This idea leads to Algorithm C C1 [Start] . Choose an appropriate product of prime powers Λ ← q Since N ≡ 1 (mod Λ) by construction, we also have N ≡ 1 (mod λ(N)), and N is still a Carmichael number even if λ(N ) = Λ. However, it should be noted that λ(N ) = Λ occurs only in some rare cases where #S is small or #T is large.
In order to find Carmichael numbers with many prime factors, we try to choose the prime powers q hj j in step C1 in a way that we get a large κ = #S in step C3. It seems reasonable to strive for a large number of p(α 1 , α 2 , . . . , α r ) in order to have good prospects of obtaining many primes in step C3. The number of p(α 1 , α 2 , . . . , α r ) built in step C2 is called H(Λ). This number equals h 1 r j=2 (h j + 1), and for a given order of magnitude for Λ it becomes large if Λ is a product of suitable powers of small primes. On the other hand, we should try to keep Λ small so that the numbers p(α 1 , α 2 , . . . , α r ) are small, too. This makes it easier to perform the primality proofs needed in step C3.
We may use so-called highly composite numbers n, which were first investigated by Ramanujan [20] in 1915. With respect to their size, these numbers have extraordinarily many divisors, and therefore H(n) is large. The last highly composite number given in a table by Ramanujan yields H(n) = 8640 and κ = 2339. Instead of extending this table we start with a given Λ and try to modify some exponents h j in order to increase H(Λ) without increasing Λ too much.
If we proceed in this way we get many of the same primes within the accompanying sets S. So we may use primes taken from a previous set S produced by a Λ already treated when dealing with a new large Λ, therefore avoiding repetition of the primality proofs. We did not implement this because it would have involved an inordinate amount of administrative work. Especially for large Λ, step C3 becomes the most time-consuming part of the general algorithm. Since for each p ∈ S the factorization of p − 1 is known by construction, we used primitive roots for the primality proofs [12, p. 375, p. 395, 609 (exercise 10), p. 397, 614 (exercise 26)].
An approximation of κ. The number κ of elements in S is an upper bound for the number k of factors of the Carmichael number to be constructed. It would be desirable to know a priori how many of the p(α 1 , α 2 , . . . , α r ) will be prime in step C3.
In order to develop an approximation K(Λ) ≈ κ, we proceed as follows: The probability of a randomly chosen natural number n to be prime is about 1/ log n (see, e.g., [8, p. 111 
]). We look at H(Λ) numbers of the kind
and vice versa. The product of both these numbers is equal to 2Λ. We therefore assume the average size of the numbers p(α 1 , α 2 , . . . , α r ) to be √ 2Λ. Assuming these numbers are indeed chosen randomly, about
of them would be prime. However, owing to our special construction of the p(α 1 , α 2 , . . . , α r ) in step C2, the remainders modulo any prime q j are not uniformly distributed, and we can expect more primes than predicted by (2) . To take into account the actual distribution of the remainders modulo q j we multiply (2) by a correction factor and define
The correction factor can be obtained by considerations similar to those used by Hardy and Wright studying the distribution of twin primes [10, pp. 371-373] . For every
The remainder 1 therefore has the probability h j /(h j + 1) to occur. The other q j − 1 remainders modulo q j are uniformly distributed and have the probability 1/(h j + 1) altogether. Each of these has the probability 1/((q j − 1)(h j + 1)), especially the remainder zero. This leads to the
For j = 1, that is q 1 = 2, we get an additional factor of 2 since all p(α 1 , α 2 , . . . , α r ) are odd by construction. Equation (3) can also be written as
We used approximation (4) to select appropriate values of Λ as input for our algorithm. For sufficiently large Λ, the observed relative error was always below 3%.
Continuing the algorithm.
In practice we will not terminate the algorithm after having found a single T in step C4. It turns out to be fairly easy to get more suitable sets T at virtually no additional effort. The details of this continuation depend on the implementation of step C4 and will be discussed in §3.
Example. In step C1 we choose the highly composite number Λ = 5040 = 2 4 · 3 2 · 5 · 7. With this we combine a total of 4 · 3 · 2 · 2 = 48 values p(α 1 , α 2 , α 3 , α 4 ) in step C2. According to (4) we expect K(Λ) = 30 in step C3, and we construct the set (5) with κ = #S = 23 elements. We compute s ← ( p∈S p) mod Λ = 929. Now there is a total of 20 ρ=0 23 ρ = 8388331 ways to choose a set T in step C4, and ϕ(Λ) = 1152 different values of ( p∈T p) mod Λ can occur. So there is a good chance to find a T in step C4. Later on we will take up this example again.
How to find T
Step C4 can be performed by various methods. We observe that there are at most ϕ(Λ) different values of ( p∈T p) mod Λ. Assuming these remainders to be uniformly distributed, the probability for p∈T p ≡ a (mod Λ) will be 1/ϕ(Λ). On the other hand, there is a total of The simplest way to find a suitable set T is to look for a random set T ⊂ S and check whether p∈T p ≡ s (mod Λ). A more deterministic method tests all subsets T ⊂ S. Owing to the large number of possible sets T , which cannot all be checked, we first choose a fixed ρ ≤ κ − 3 and then test only the sets with #T = ρ. In order to reduce the amount of guesswork, for any selected set T ⊂ S we calculate u ← (s/ p∈T p) mod Λ. If u ∈ S, we set T ← T ∪ {u}. For implementations of such algorithms see Guillaume and Morain [9] . We can do even better if we build pairs (u, v) ∈ S × S and then check if there is a corresponding pair (u , v ) ∈ S × S with u v ≡ s/(uv) (mod Λ). To check this condition we have to create two tables containing the values uv mod Λ and s/(uv) mod Λ for any combination (u, v) ∈ S × S. The most important limitation of this approach is that we will find Carmichael numbers with exactly κ − 4 factors only. Another disadvantage is the huge amount of memory required to store the tables.
After considering all these methods we decided to start from scratch and construct a set T by selecting T = {u} where u ∈ S and then successively adding suitable elements from S so that finally p∈T p ≡ s (mod Λ). In order to perform the necessary calculations modulo Λ, we use a set of moduli Q j which are relatively prime in pairs to obtain a unique representation of the combinations of primes we will generate. The best we can do is to choose Q j = q hj j for j = 1, 2, . . . , r. Then Λ = r j=1 Q j , and each possible prime factor p of the Carmichael number to be constructed has a unique representation modulo these Q j . Now let m j (p) denote the value p mod Q j . All necessary divisions by p modulo Λ can then be done using these numbers m j (p).
Our algorithm starts by generating a table of m j (p), p ∈ S and j = 1, 2, . . . , r. Then we set t ← s and, by successively dividing t by suitable primes p ∈ S, we try to achieve t = 1. In the representation t j = t mod Q j , j = 1, 2, . . . , r, this can be done by increasing the number of moduli with t j = 1 in every stage µ of the algorithm. We do this by applying appropriate backtracking techniques on the table of the m j (p). 
B3 [Try element from
/u mod Λ, and continue with step B7.
/(uv) mod Λ, and continue with step B7.
uv) mod Λ, and continue with step B7.
, and continue with step B3, otherwise terminate the algorithm without finding a Carmichael number.
B7 [Set T found ?]. Set T ← T ∪ Z
(µ) . If t (µ+1) = 1, set µ ← µ + 1 and continue with step B2, otherwise we have found a suitable set T .
Remarks.
For the h j considered in this paper, each m j (p) can be stored in a twobyte integer, and all m j (p) will fit in 2rκ bytes.
The sets A (µ) , B (µ) and C (µ) do not require much calculation, since they represent sections of a sorted table of p ∈ S. This sorting can be achieved during the generation of p (α 1 , α 2 , . . . , α r ) in step C2. The remaining calculations for B (µ) and C (µ) can be deferred until they are first used in step B4 and B5, respectively. When performing step B7, at most two primes are added to the set T . In view of the fact that any occasional execution of step B6 removes the same number of primes as previously added by step B7, in the stage µ the set T contains at most 2µ primes. The assignments in step B2 ensure Ω t (µ+1) < Ω t (µ) . So, after at most µ = r stages we have Ω t (µ) = 0, which is equivalent to t (µ) = 1. Therefore, the algorithm is able to find Carmichael numbers with a number of factors in the range from κ − 2r up to κ.
All arithmetic modulo Λ can be done using the representation modulo Q j . So we do not need to calculate t (µ) but only t
is then done by calculating (t
, r. The actual value
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use t (µ) can be generated from the values t (µ) j using the Chinese remainder theorem, but this is not necessary for the algorithm to work.
The selection of sets in step B2 can be justified by the following considerations. For a given stage µ the set A (µ) contains all primes u ∈ S T which directly match with t (µ) ω . For ω large enough, the set A (µ) will not be empty and the algorithm can proceed with the next µ. However, for small ω in B2 we normally have A (µ) = ∅ because there are much more possible remainders modulo Q ω than primes with Ω(p) = ω. In this case we try to combine the required remainder from pairs (u, v) with Ω(u) = Ω(v) = ω. All matching pairs are put into the set B (µ) . Our experience has shown that in spite of all backtracking efforts these pairs are not always sufficient to find a suitable set T . For this reason we have introduced the set C (µ) , which contains matching pairs (u, v) with Ω(u) = Ω(v) = ω + 1. We may consider taking additional sets D (µ) , E (µ) , . . . , but we have not encountered any value of Λ for which the selection of sets given in step B2 failed to produce a Carmichael number.
In order to find more than one Carmichael number using the same set S, we may record each T found in step B7, set T ← T Z (µ) and proceed with step B3. We can do this until we have found enough sets T or the algorithm terminates in step B6.
Example. We now return to our example from §2 where Λ = 5040. In step C2 we build the numbers p (α 1 , α 2 , . . . , α r ) by performing r nested loops on the α j where the index α 1 varies most rapidly. In this way, step C3 implicitly generates a table of all p sorted according to Ω(p) in descending order.
Step B1. We compute the remainders m j (p) ← p mod Q j , j = 1, 2, 3, 4, and the values of Ω(p) as follows: p pmod 2 4 p mod 3 2 p mod 5 p mod 7 Ω (p)  17  1  8  2  3  4  13  13  4  3  6  4  19  3  1  4  5  4  37  5  1  2  2  4  73  9  1  3  3  4  11  11  2  1  4  4  41  9  5  1  6  4  31  15  4  1  3  4  61  13  7  1  5  4  241  1  7  1  3  4  181  5  1  1  6  4  29  13  2  4  1  3  113  1  5  3  1  3  43  11  7  3  1  3  337  1  4  2  1  3  127  15  1  2  1  3  1009  1  1  4  1  3  71  7  8  1  1  2  281  9  2  1  1  2  211  3  4  1  1  2  421  5  7  1  1  2  631  7  1  1  1  1  2521  9  1  1  1  1 We initialize µ ← 1, T ← ∅, and t
3 ← 4, t
4 ← 5, calculated from s = 929.
Step B2. We set ω ← 4,
(1) ← {(11, 17), (11, 31) , (11, 37) , (11, 73) , (11, 241) , (13, 37) , (37, 181)},
Step B3. A
(1) = {19, 61} = ∅, therefore we select u = 19 and we set
4 ← 1.
1 ← 3, t
2 ← 1, t
3 ← 1, t
Step B7. T ← {19, 281}, t
← ∅, all sets are empty.
Step B6. We set µ ← 2.
[ Now are active
Step B4. B (2) = {(71, 421)} = ∅, therefore we select (u, v) = (71, 421) and we set B (2) ← ∅,
Step B7. T ← {19, 71, 421, 2521}, and we have t (4) = 1. 
Computational results
In this section we present some of the Carmichael numbers we found during our research. Because of the size of most of these numbers, we do not include all their factors, but only Λ, k, and T . In addition we supply the number d of decimal digits for each N listed.Unfortunately, this form of presentation leaves it to the reader to recompute the whole set S if he wants to get hold of all the factors. 
We started our work in 1987 on an AT-compatible PC running DOS 3.1 and tried to find an example of a Carmichael number with k prime factors for every k below a given limit. We obtained Carmichael numbers for every k ≤ 134 [13] . For k ≤ 20, Pinch [16] has created a table of the smallest Carmichael number with k factors. An example for every k, 21 ≤ k ≤ 100, is shown in Table 1 .
In order to find larger Carmichael numbers, we switched from the PC to a Siemens 7·882 mainframe and soon found a number with 344 factors, published in 1988 [13] . With a slightly improved program we found numbers with up to 3316 factors. Some intermediate results are shown in Table 2 . In 1989 we switched back from the mainframe to an IBM PS/2-70 PC, running OS/2 to overcome space limitations. After developing algorithm B we found Carmichael numbers with up to k = 10058 factors [15] , some of which are presented in Table 3 . For each of these numbers, the values of Λ, k, and the set T are given. Furthermore, we list the expected size of the set S as predicted by our function K(Λ), the first eight and the last eight digits of N , the total number of digits d of N , and the time used to find N on an IBM PS/2-70 personal computer. The actual size κ of the set S used for each of these calculations is given by κ = k + #T .
The next challenge now was to find a Carmichael number with more than one million factors. We ported our program to an IBM RS/6000-550 workstation and finally discovered a Carmichael number with 1101518 factors. Five Carmichael numbers with more than 100000 factors can be found in Table 4 . The computing times given in this table refer to an IBM RS/6000-550 workstation. This workstation is about 80 times faster than the PC we used before. On this PC, the first Carmichael number from Table 4 with k = 125504 factors needed 46 hours and 33 minutes. In any case, it should be noted that the steps C2 and C3 consume about 98% of the listed time while the subsequent step C4 as performed using algorithm B produces the Carmichael numbers very quickly. 
